Abstract. In this paper, we consider pseudodifferential operators with operatorvalued symbols and their mapping properties, without assumptions on the underlying Banach space E. We show that, under suitable parabolicity assumptions, the W k p (R n , E)-realization of the operator generates an analytic semigroup. An application to non-autonomous pseudodifferential Cauchy problems gives the existence and uniqueness of a classical solution. Our approach is based on oscillatory integrals and kernel estimates for them.
Introduction
In this paper, we consider pseudodifferential operators with operator-valued symbols, their mapping properties, generation of an analytic semigroup and the application to non-autonomous vector-valued evolution equations. Operator-valued symbols and vector-valued function spaces appear in a natural way in several applications, e.g. in models of coagulation-fragmentation processes where an additional parameter (the cluster size) appears in the model, see [Am00] . Another example is given by boundary value problems in cylindrical domains which can be treated by a Fourier multiplier approach which leads to operator-valued symbols, too (see [NS11] ). Therefore, during the last decade, the investigation of vector-valued function spaces and differential equations with operator-valued coefficients has gained increasing interest.
Our work is motivated by two directions of research: On one hand, operatorvalued Fourier multipliers in arbitrary Banach spaces and their mapping properties have been considered in [Am97] . Based on these Fourier multiplier results, the generation of an analytic semigroup for differential operators could be shown in [Am01] . On the other hand, under an additional geometric assumption on the Banach space (to be a UMD space), Weis could establish in [We01] a vector-valued Mikhlin type theorem (see also [NNH02] , [GW03] ). This was the basis for a large number of results on maximal regularity for differential and pseudodifferential operators in UMD spaces. As references for operator-valued differential boundary value problems in UMD spaces and the connection to R-sectoriality and maximal regularity, we mention [DHP03] and [KW04] . For vector-valued pseudodifferential operators in UMD spaces, we refer to [DK07] , [PS06] and the references therein.
The restriction to UMD spaces, however, excludes natural state spaces as L 1 , and therefore the present paper deals with pseudodifferential operators with operatorvalued symbols in arbitrary Banach spaces. We consider operator-valued symbols a in the standard Hörmander class with limited smoothness both in the variable x and in the covariable ξ and with positive order m > 0. Similar operators were also considered in [Ki01] , [Ki03] with additional assumptions on the symbol (e.g., order m > 1, existence of a homogeneous principal part, infinite smoothness in ξ).
One of the main results in the present paper states that, under suitable parabolicity assumptions, the W k p (R n , E)-realization of the symbol a generates an analytic semigroup in W k p (R n , E), see Theorem 4.2 and Corollary 4.3 below. An application to non-autonomous pseudodifferential Cauchy problems gives the existence and uniqueness of a classical solution (Theorem 5.3). Our approach is based on oscillatory integrals and careful kernel estimates for them, the technical key result being Lemma 3.2. For the case of constant coefficients, results on vector-valued pseudodifferential operators were obtained in our paper [BDH12] .
Vector-valued pseudo-differential operators
In the following, we set |x| :=
, and x, µ := (1 + |x| 2 + µ 2 ) 1/2 for x = (x 1 , . . . , x n ) ∈ R n and µ ∈ R. Throughout this paper, (E, · ) denotes an arbitrary Banach space, and for locally convex spaces X, Y we write L(X, Y ) for the space of all continuous linear operators from X to Y , and set
be the space of all u : R n → E such that ∂ α u is bounded and continuous for all α ∈ N n 0 where we use standard multi-index notation. The space C ∞ b (R n , E) is endowed with the locally convex topology given by the seminorms u k := max |α|≤k sup x∈R n ∂ α u(x) E , k ∈ N 0 . The Schwartz space of rapidly decreasing E-valued functions is denoted by S (R n , E), and for k ∈ N 0 and 1 ≤ p < ∞, we write W k p (R n , E) for the E-valued Sobolev space endowed with the norm
Here · L p (R n ,E) stands for the norm in the Lebesgue-Bochner space L p (R n , E).
. We start with the definition of the symbol class (which is a non-smooth parameterdependent version of the standard Hörmander class S m 1,0 ) and the related pseudodifferential operators. In the following, for n ∈ N and m ∈ R, we set ρ n := n + 1, if n is odd, n + 2, if n is even. and ρ n,m :
for all x ∈ R n , and
For the convenience of the reader, we state the definition and some properties of the oscillatory integral in the appendix.
In the following, we will also study parameter-dependent double symbols a = a(x, y, ξ, µ) with a ∈ S m,ν,r (R 2n
x,y × R n + , L(E)) with ν ≥ ρ n and r > ρ n,m . Here we set
In the particular case where a(x, y, ξ, µ) does not depend on x (dual symbol), we will write a(y, D, µ). 
b) For ν ≥ ρ n and r > ρ n,m , the oscillatory integral in (1) exists. Note that for n + m ≤ 0 the condition r > ρ n,m is satisfied for all r ∈ N.
The following result is taken from [Ki03] , Remark 2.2.6.
Definition 2.4. a) Let m, ν ∈ (0, ∞) and r ∈ N 0 , and let a ∈ S m,ν,r . Then a is called parameter-elliptic if there are constants κ > 0 and ω ≥ 0 such that for all
The set of all a ∈ S m,ν,r satisfying (i)-(ii) will be denoted by E m,ν,r κ,ω
κ,ω , we define a smooth version of the inverse symbol in the following way:
and ψ(ξ, µ) = 1 for |ξ, µ| ≥ 1 be a zero extinction function. For ω 0 > ω we set
Key estimates for parameter-elliptic symbols
In this section, we will prove key estimates for the inverse of parameter-elliptic symbols and mapping properties for the corresponding operators. We start with a result which shows that the inverse of a parameter-elliptic symbol is again in the calculus.
Lemma 3.1. Let m, ν ∈ (0, ∞), r ∈ N 0 , and let A ⊂ S m,ν,r be bounded, i.e. there exists a constant K > 0 such that |a|
is bounded by continuity and compactness. Therefore, it suffices to consider the case |ξ, µ| ≥ 2ω 0 .
Let
−1 is a finite linear combination of terms of the form
with 1 ≤ p ≤ |α| + |β| + k and with
The norm of the operator in (2) can be estimated by
Summing up over all terms of the form (2), we obtain
From now on we set χ ε (ξ, y) := χ(εξ)χ(εy) for ε > 0 and ξ, y ∈ R n , where χ ∈ S (R n ) with χ(0) = 1. The following result is the key estimate for parameterdependent symbols of negative order.
Lemma 3.2. Let b ∈ S −m,ν,r with m > 0, ν ≥ n + 1, r ∈ N 0 and ω 0 > 0. For ε ∈ (0, 1) define
a) There exists a constant C such that
where θ 0 := 1 2 min{m, 1} and
holds with a constant C independent of ε, x and µ. b) There exists a strongly measurable function K :
We fix γ ∈ N n 0 with |γ| = n + i, i ∈ {0, 1}. By assumption,
With this and partial integration, we see
To estimate the integrand, we apply the Leibniz rule noting that for
by Lemma A.3. This and
where we used µξ, µ −m−|β| ≤ µξ −m−|β| . Now we apply the elementary estimate |e iµξy − 1| ≤ 2|µy| θ |ξ| θ valid for all θ ∈ (0, 1) and obtain
−m I(θ, |γ|) with I(θ, |γ|) := R n |ξ| θ (µ −2 + |ξ| 2 ) −m/2−|γ|/2 dξ. For |γ| = n + i with i ∈ {0, 1} and θ 0 := 1 2 min{m, 1}, θ 1 := 1 2 , we have θ i ∈ (0, 1) and
due to θ i > 0 and θ i − m − |γ| < −n. Therefore, for all γ with |γ| = n + i, i ∈ {0, 1}, we have
and consequently
−m . Summing up these inequalities for i = 0 and i = 1, we obtain the first assertion in a). Since the function
belongs to L 1 (R n ) and its L 1 -norm does not depend on µ, we obtain inequality (3). b) Let ε, ε ∈ (0, 1), ξ, y ∈ R n and µ ∈ [ω 0 , ∞). From the proof of a) we see that
From Lemma A.3 we know that D α ξ χ ε (µξ, y) − χ ε (µξ, y) → 0 for ε, ε 0 for all α ∈ N n 0 and all µ, ξ, y. Therefore the integrand in (5) converges pointwise to zero for ε, ε 0. By a), we have
) with a dominating function independent of ε, and by dominated convergence we see that for fixed
. Therefore there exists a strongly measurable function K :
with a constant C independent of b and µ.
Proof. (i) Consider first the case k = 0. For u ∈ S (R n , E) we have
) with ε-independent dominating function, and K ε converges pointwise to a strongly measurable function K for ε 0. By the dominated convergence theorem, we have
where * stands for the standard convolution. Because of the L 1 -estimate of K in Lemma 3.2, we obtain for µ ∈ [ω 0 , ∞)
From ∂ β x b ∈ S m,ν,r−|β | and part (i) of the proof we obtain Corollary 3.5. In the situation of Lemma 3.1, we have a
Proof. This follows for µ ≥ ω 0 immediately from Lemma 3.1 and Remark 3.4 while for µ ≤ ω 0 we have a # (y, D, µ) = 0 for all a ∈ A.
Generation of an analytic semigroup
We will need the following slight generalization of Lemma 3.2. Proof. In the proof of Lemma 3.2, we replace inequality (4) by
This can be seen by
With (6) instead of (4) we can follow the proof of Lemma 3.2 almost literally.
Throughout the remainder of this section, we fix k ∈ N 0 , m > 0, 1 ≤ p < ∞, r, ν ∈ N 0 with r ≥ ρ n,m + k + 1 and ν ≥ n + 2. We will consider the
Theorem 4.2. Let a ∈ S m,ν,r be parameter-elliptic, i.e., a ∈ E m,ν,r κ,ω for some κ > 0 and ω ≥ 0. Then there exist constants M 1 > 0 and
Proof. Let ω 0 > ω, µ ≥ 2ω 0 , and u ∈ S (R n , E). From Lemma 2.3 we know that
with the double symbol p(x, y, ξ, µ) := a(x, ξ, µ) − a(y, ξ, µ) a(y, ξ, µ) −1 .
(i) Let x ∈ R n . By a Taylor expansion we obtain
We have D ξj ∂ xj a ∈ S m−1,r−1,ν−1 and D ξj a −1 ∈ S −m−1,r,ν−1 . By Lemma 4.1 we obtain for j = 1, . . . , n and m = 1, 2 the existence of a strongly measurable function u, we obtain
for µ ≥ 2ω 0 with a constant C independent of a and µ. Taking µ ≥ µ 1 with µ 1 sufficiently large, we obtain p(
. By a Neumann series argument, we see that
(iii) In the same way, we see that
. This shows that A k is injektive, and we obtain the invertibility of A k . Moreover, we have for sufficiently large µ
for µ ≥ µ 1 with µ 1 sufficiently large, where M 0 does not depend on µ.
In the following, we set Σ ϑ,R := {λ ∈ C : |λ| ≥ R, | arg λ| ≤ ϑ} for ϑ ∈ [0, π) and R > 0. 
Proof. By Definition 2.4 b), the symbol a(x, ξ)+µ m e iθ is parameter-elliptic for all θ with θ ∈ Σ π 2 ,R . By a standard continuity argument, we see that the set of angles θ where parameter-ellipticity holds is open. Therefore, we may assume that the above symbol is parameter-elliptic for all θ ∈ Σ ϑ,R with ϑ > π 2 . Now the invertibility of λ + A k , λ = µ m e iθ and the estimate (7) follows directly from Theorem 4.2. 
An application
Let T > 0, J := [0, T ] a closed interval in R and t ∈ J. In the following t in a (t, ·) ∈ S m,ν,r R 2n , L (E) and in a(t, x, D) denotes only a parameter. Moreover we will consider in this section a family A := {a (t, ·) : t ∈ J} ⊂ E m,ν,r κ,ω for fixed κ > 0 and ω ≥ 0, such that
is a Hölder continuous function relative to the topology in the space of the symbols. We will use the results of the previous sections to study the existence and uniqueness of solutions for the Cauchy problem (8) In the followingB s p,q (R n , E), s ∈ R, p, q ∈ [1, ∞], denote the E-valued homogeneous Besov spaces of order s and parameters p and q (see [Am97] for their definition and holds with a constant c not depending on a. Proof. See [Ba09] , Satz 1.3.3.
